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XXHL 'I7)& general Mathematiml Laws which regulate 
and extend Froportion univerfaUyi or^ a Method of 
comparing Magnitudes of any Kind together ^^ in all the 
pojftble Degrees of Increafe and Decreafe^ By James 
Glenie^ A. M. and Ueuienant in the Eoyal Regiment ijf 
Artillery. 



Read March 6^ HpHE doariixe of proportion laid down 

•*• by EUCLii>^ aad the application of it 
given by Mm in his Elements^ form the bafis of almoft 
all the geometrical rea&ning made nfe of by mathema- 
ticians both ancient and modern* But the reafonings of 
geometers wkh regard to proportional magnitudes have 
feldom been carried beyond the triplicate ratioy which is- 
the proportion that limilar folids have to one another, 
when referred; to^ their homologous linear dimenfions*. 
This boundary^ however, comprehends but a very 
limited portion of univerfal comparifon^, and almoft va- 
niflies into nothing when referred to that endlefs variety 
of relations J, which muft neceflarily take place between 
geometrical magnitudes, in the infinite poflxble degrees 
of increafe and decreaJfe* Th^ firft of thefe takes in but 

a very 
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a very a^ntrafted field of geometrical comparifon ; 
whereas the laft extamds it indefinitelf • Within the 
iiati^#^>mpafe of the firft| the ancient geon^ters per- 
Iferlnfed wonders, and tibteir labours have been pulhed 
ftiM i^her by the ingenmty and indefatigable induftry 
l>f f he iiicKiems. Bnt no author, that I have been able to 
itteet with, giv6& the leaft hint or inform^ion with re- 
gird* to ariy gutter al method of expreffing geometrically, 
when any two Magriitiides of the fame kind are given, 
what d^ree of ailgmentation or diminntion any one of 
thefe ra^gnlfiMts inCift undergo, in order to have to the 
i^her any rtiultiplic^e or fub-mwltiplicate raik of thefe 
magnitudes in their given If ate; or any fiich ratio of 
them as is denoted by fra£tions or fnrds ; or (to fpeak ftill 
m^re gierierally) a rafio which has, to the rsfio of.tlie 
lirft-mtehtioned df thefe magnitudes to the other, the 
ratio of any two ihagnitudes whatever of the fame but 
of any kind. Neither have I been able to find that any 
author has ihewn geometrically in a general way, when 
any number of ratios are to be compounded or decom- 
pounded with a given ratio ^ how much either of the 
magnitudes in the given ratio is to be augmented or di- 
minifhed, in order to have to the other a ratio^ which is 
equal to the given ratio^ compounded or decompounded 
with the other ratios. To inveftigate all thefe geome- 

N n n 2 trically, 
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trically, and to fix general laws in relation to them, is 
the objed: of this paper; which, as it treats of a fubje^ 
as new as it is general, I flatter myfelf, will not prove 
unacceptable to this learr«ed Society, It would be alto^ 
gether fui)erflnous forme to mention the great advan- 
tages that muft neceffarily accrue to mathematics in ge- 
neral, from an accurate inveftigation of this fubje<Sl, fince 
ats influence extends mtore or lefs to every branch of ab- 
^ra6t fcience, when any data can be afcertained for rea- 
soning from. I fliall, in a fubfequent paper, take an op- 
portunity of fliewing how, from the theorems after- 
wards delivered in this, a method of reafoning with finite 
inagnitudes, geometrically, may be deri\^d, without any 
coniideration of motion or velocity, applicable to every 
thing to which fluxions have been applied; and fliall 
now proceed to the fubje(9: of this paper, after premifing 
the two following definitions. 



D E I* i K I T I O N X. 



Magnitude is that which admitsofincreafe or decre^eu 
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Quantity is the degree of Magnitude. 
By magnitude, befides ^extenfion, I mean every thing 
which .admits of more or lefs, or what can be increased 
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or dimimfhedj fuch as ratios^ velocities, powers, &c. As 
I ihall frequently, for the fake of concifenefs and con- 
voiiency^ be obliged to make ufe of particular modes of 
expreffing geometrical magnitudes, I here obferve^ once 

for all, that by fuch exprefiions as thefe a.^, a.-^-> 



A.— 5-, A*— jp 



, Bcc. I mean refpedtively a third pro- 
portional to B and a; a fourth proportional to b, a, and 
ihe ffifference of A and b; a fourth proportional to d, a, 
and the dijSbrence of c and d ; a fourth proportional to b, 



Ju -— • and A— b, &c. 

To proceed then in the order in which I firft invefti- 
gated thefe theorems; let a, b, c, d, 1:, f, g, h, &c. be 
any number of magnitudes of the fame kind, taken two 
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and two from the firii; and let mn, no, nr, op, refpec- 
lively reprejfent a, b, q, n. X.et nr, o^, be drawn per- 

pendiculatly 
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pendicularly to vo,or otherwife if in the fame angle; and 
let the recStangles or parallelograms MR, np, be com* 
pleted. Let lm be a fourth p-oportional to of, mn and 
NR-op; and let tlie r^angle or paralleiograra LQ^be 
completed,^ 

Then (14. i. 6,) vt is equal to tr, and aonleqiiently 
jLQ^to MR* But (23. !♦ 6.) MR has to Nf the ratio cx>m* 
pounded of the ratios of mm to no and Ni to oi • There-* 
fore (i . 1. €.) LN has to no the ratio cxjmpounded of the 
ratios of mn to no and nr to op. But lh is equd to 

MN+ MN. -^ ^'J - , or A+ A.-^^, by conffiru^tiiMi^ Whence 

it appears, that a magnitude of the fame kind with a. 
and B, which has to b the ratio compounded of the ratios 

of A to B and c to n,. is expreffed by a + a. •—- r 

In like manner let e, f, be reprefented by rn, op, re- 
fj^e^ively^ and let irK be a fourth proportional to op, l% 
and QR. Then (14. £• 6.) Kx is equal to xr or tr and xs 
together* But fince ln hath alre^y been fhewn to be 

equal to a+ A.-^, LK is a fourth proportional to F, e-f, 

and A+ A. -^ ; that is equal to a.— ^+ a. -^- • -j- • by 
conftrudion. Wherefore km being equal to lk+ln is 

equal to a+ a.— -- + A. —— + a, — - • -— -• And imce 

K.q_is equal to lr, kn has to no a r^i/fa compovinded of 

I the 
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the ratios of ln to no and nh to 01 ; that is, of the ratios 
A to B, c to D, and e to f. Therefore a magnitude ofthe 
fame kind with a and b, which has to b the ratio com- 

pounded of theferi?//c?jis exprefTed by a^ a. ^^ -f a. 



C — D E — F 
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Again, if nr, op, Tie fiippofed to reporefent g^ h, re-- 
Ipeftively, and kv a fourth proportional to op, kn, and 
qr; VQ^will be equal to kr (14. E. 6.) and confequently 
VN will have to no a ratio compounded of the ratios of 
ICN to NO and nr to op; that is, of the ratios a to b, 
C to 0, E to F, G to H. But VK is by confl:ru6tion equal to 

G — H C*^ — D G— H E— HF O— H C- — B fe F G H 

H D H F -H -D P H 

And this added to kn above found gives a+a*^^^^ 

E^ — F G— H C — D E — F C— -D O — H E — ^^F 

+ A. -^ + A. -^+ A. -^ . -J- + A.-^> -J- + A.-^ .. 

. GmmmU C D t> Tf r* YT 

-^ + A.-7- • -7- - ir"> ^^^ ^^^ magnitude Of the fame 
kind with a and b, which has to b the r^//(S> compounded 
of the ratios a to b, c to d, e to f, otoH; whence the 
law of continuation is manifeft* 

The fame conclufions may be derived from (e. 5,); 
fo that no principle can be iimpler or more geometrical 
than that here made ufe of* 

Thus then thefe magnitudes will ftand. 

i^ A-f A. -;^, wken two ratios are compounded^ 

2* A 
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Tik A-^A.^-^ + A.^j^ + A*^-^ -^^ when three are 
compounded. 

C — D E — ^F G — H C — ^^D O — F C— D# 

3. A + A.--^ + A.-^ + A.-5P+ A. --^^ • -7- + A.-^ 

G — H E— F G — H C — D E — F G— H , j. , 

- — + A. ~— . — — + A. •— - . -rr • -Tr"> when four r^//e?j« 

are compounded, &c. Sec. 

By continuing this operation much farther, I found 
upon examination that the number of terms in which A 
is connedted with the differences c-d, e-f, g-h, 8cc. 
taken pne by one^ two by two,^ three by three, Sec. if ^ 
denote the ntunber of ratios compounded, is exprefled 

reQ)e(aively by'^> ^ • ^> ^ ^ ^^ ^> &c. Thus 
if the ratio of a ta b be fuppofed equal to the ratios of 
e to D, E to F, G to H, &c. refpciStively,, thefe expreflions 
will ^ve the following ones. 

X-*' A "v ' ' .- A*, ^j •', »&' 

3 — I A-^--B 3—1 3—2' A~-5* 



^^4—1 ^ A--B 4— I 4—^ / A-^sr 4-1 4— .1 4—3 
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A. -^— J for magnitudes of the fame kind with a 

and B, wliich have ta b refpe6tively the duplicate, 
triplicate, and quadruplicate ratio of a to b ; where p 
is fucceflively equal to a, 3, and 4. And univerfally, 
by the fame geometrical rcaforiing, it is found, that 

p — I A' — B 6—1 p 2 y\— bI* o a— bI^~"' U « * 

Air' — .A. +^-— J' — .a. + &c. a.— has to 

B fuch 
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B fuch a multiplicate ratio of a to b as is expreffed by 
the number/^. 

In the reafoning above I fixed on b as the magnitude 
to which the reft were to be referred ; but I might as well 
have fixed on a or any of the other magnitudes. Tiius, 

for mftance, bhh ^-— .b. — r- + ^--— . -—.b. — — - 4- &c. 

' I A I 2 A 
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3^_ has to A fuch a multiplicate r^//(? of b to a 

as is expreffed by the number ^ ; or a has to b + 

p — I B — A p—l ^—2 B^ — A^* ^ B — /\l^~^ ^- 

^.Bt--r-+"T" •^•B»— — ■ + Sec. B. — 7^ — the ratro 
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^— I A^ — B p — I p — 2 A— bI o a— -bI*"** 

of A+^.A.-j--^— •^•A*"15 — + ^C. A.— ^ tOB; 

that is, fuch a multiplicate ratio of a to b as is expreffed 
by the number •^. Each of thefe, indeed, I deraonftrated 
feparately from the fame fort of geometrical reafoning; 
but for the fake of brevity I omit fetting down thefe 
feparate demonftrations, as th^y are both contained in 
general reafoning above, which f urnilhes likewife a great 
variety of other exprefiions, according as certain num- 
bers of the ratios c to d, e to f, g to h, &:c. are fuppofed 
to be refpecStively equal to, greater or lefs than, the ratio 
of A to B. 
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